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ABSTRACT

A theoretical model of a harmonically synchronized oscillator is developed and verified ex-

perimentally. Using this model output power, stability conditions, noise and transfer pro-

perties of a harmonic frequency divider are calculated and discussed.

Introduction

Harmonic synchronization of a free-running

oscillator is a powerful means for performing

frequency division in the microwave region. A

possible application of such a divider cir-

cuit lies e.g. in an indirect amplification

system for FM signals, which consists of a
frequency divider, a power amplifier in the

lower GHz-region, and a final frequency mul-
tiplier.

This work is devoted _bo an analysis of harmo-
nically synchronized oscillators. Such a syn-

chronization is based on a nonlinear inter-

action process of synchronizing and synchro-

nized signals in the active device. Hence a

linearized theory as that of Kurokawa 1 for

noise in fundamentally synchronized oscilla-
tors cannot be applied here. The nonlinearity

musk fully be accounted for instead.

Our theory is a phenomenological one. The
shape of the nonlinearity is arbitrary: it
may be single-valued or double-valued as for
Gunn elements, N-shaped or S-shaped. The non-
linearity is assumed to be incorporated into

a one-port network (representing a negative
resistance device), although the theory can

be modified to include a t’wo-port network,
likewise. The mathematical treatment of khe

problem consists of t’wo parts. First the rf-

carrier signals will be calculated by using

the describing function method2. The nonline-

arity can then be replaced by a periodically
driven network, which allows a linear analy-
sis for the small sideband noise or modula-

3
tion signals .

Harmonic Syn chronization

It is the aim of this contribution to develop
a theory, which leads to a tractable descrip-
tion of ‘the performance of harmonically syn-

chronized oscillators. This oscillator model

shall complete the linearized model of Kuro-
kawa with respect to including inherently
nonlinear effects as harmonic (or subharmo-

nic) synchronization. It is based on a simple

equivalent circuit, which is shown in fig. 1.

The resonance structure is approximated by a
parallel LC-circuik with load conductance GL,

N means the active device, and vi is a syn-

chronizing voltage source. The active device

shall be described by a cubic (van-der-Pol)
current-voltage characteristic, relating the

I!l!l_$1 Fig.1
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normalized device current, y to the normalized
device voltage x via

y=-x+ax2+x3=f(x) . (1)
The normalizing quantities have been chosen

2
according to . ‘a’ is a dimensionless para-

meter.

The equivalent circuit of the synchronized

oscillator may in fact be as general as ne-

cessary. It may e.g. even contain nonreci-

procal elements. For only two assumptions
have to be made for the analysis:
1. The nonlinear characteristic !LS known ei-

ther analytically or numerically.
2. The filtering effect of the linear part of

the network is such t.hak the voltage waveform
across the active device can be guessed.

The oscillation amplitude can then be calcu-

lated by using the describing function me-

thod 2: The voltage waveform being kfiown, the

current waveform is calculated by Fotirier a-
nalysis using (l). Then the fundamental com-

ponents of current and voltage are related by
the so-called describing function N, which

means the effective admittance o:F the nonli-
near device. By setting

X=41 cos (ut+rf) +;i cos (rout) (2)

with m an integer, the normalized effective
~dmi~tance n can be calculated. It, depends on

x , xi, and v for m=2 and m=5. Synchroniza-
t~on with higher harmonics cannot be descri-

bed by a cubic nonlinearity, because n turns
out to be purely real in these cases. This
means, that the oscillation frequency cannot

be Ironed away from the natural frequency of
the LC-circuit: synchronization ~Ls not pos-

sible. In order to treat synchronization with
m>3, higher order terms in the characteristic

(1) have to be ret,ained.

The present choice of a cubic nonlinearity
allows an explicit calculation of the oscil-
lation amplitude and phase. Furthermore,
group delay distortion
ferentiating the phase
frequency.

can be derived by dif-
with respect to the
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Stability Conditions

A disadvantage of the describing function me-
thod is, that it does not allow to determine

the stable synchronization range 1. We will
hence describe a new stability criterion,
which is based on the conservation of power.

The method is based on one of the most gene-
ral minimum principlesof physics, the Gauss-
ian principle of the least constraint. Al-
though it has originally been formulated in
analytical mechanics, it can be transferred
to electromagnetic theory. Here the con-
straint Z turns out to be the first time de-

rivative of the power P
4:

Z=dE’/dt. (3)
The Gaussian principle of the least con–
straint then reads
cfZ=~(dP/dt) = O, (4)

i.e. the first variation of the constraint
vanishes.

Applying (4) to oscillatory systems yields
information about their stability. To this
end the oscillator and the locking source are
surrounded by a boundary surface. This leads
to a closed system, whose state is characte-
rized by a complex power balance equation.
Writing the total power as
P = Pa+jPr-Re(Pi)-jIm(Pi) (5)
with Pa the active, Pr the reactive, and Pi

the injected power, the principle of conser-
vation of energy P=O yields the already-known
voltage amplitude and phase.

The total power in (5) depends on both the
voltage amplitude and the oscillation fre-
quency. In order to evaluate (4), we regard
a small perturbation of the operating point.
The new state is characterized by a complex

frequency
1 : (J=U -ja. Eq.(4) then yields 2

relations with dur, ~u, and J?l as variables,
which are combine~ in order to eliminate cfti .

A stability criterion can be gained from th~s
relation, if one takes into account, that an
increase in $?

1
must cause an increase in the
Ctt

damping term e . Thus the stable synchroni-
zation ra~ge can be determined as a i?unction
of Pi or xi.

Noise Performance

In order to investigate the noise performance
of harmonically synchronized oscillators,
sideband vectors of small magnitude and sto-
chastic phase are introduced as perturbations
of the carrier signals. The calculation clo-
sely follows the pattern first introduced in-
to oscillator theory by Hines 5. The noise
mechanism in the active device is taken into
account by equivalent sideband noise voltage
sources. These sources have to be thought of
as being in series to the locking voltage
source v. in fig.1. We are thus capable of
describing both intrinsic and injected noise
in a similar way. While the latter is super-
posed on the locking signal (the sidebands
are hence located at m@ with Q the ‘dis-
tance to carrier frequency’), the former
exists not only close to the fundamental fre–
quency but also close to its harmonics: the
intrinsic noise vectors must be assumed to be

located at iu-tJ with i=l,2,5. . . This is valid
as long as the spectrum of the intrinsic noi-
se is white.

The parametric mixing process between the va-
rious noise vectors is described by linear
matrix algebra. The size of the computations
is considerably reduced in the case, that the
equivalent circuit of fig.1 is analyzed in
conjunction with a cubic nonlinearity. Super-
posing small perturbation currents Ay and vol-
tages 4X on the carrier signals y and x
means for (1)
y+4y = f(X+AX), Ay<<y, 4X.4X. (6)
Eq.(6) can be linearized with respect to the
noise signals:

y = fi(x)Ax, f’(x)=df/dx=-l+2ax+5x2, (7)
where fl(x) is a periodic function of time
and may hence be expanded into a Fourier se-
ries. In the case of the cubic nonlinearity,
the Fourier series is finite with coefficients

gk=o for k>2m+l. The highest pair of side-

bands, which must be taken into account, is
hence located at 2mu~Q.

The scheme for analyzing the equivalent cir-
cuit of fig.1 for the noise signals is the
following: At the nonlinear element, the noi-
se currents at frequencies iu~Q with i=l to
i=2m are related to the noise voltages by a
matrix equation with gk being the elements of

the conversion matrix. These equations are
completed by Kirchhoff’s voltage law. The up-
per and lower sideband voltages at the funda–
mental frequency~x and AX can then be cal-
culated by superpos~ng the contributions from
the various sideband pairs of noise voltage
sources. Finally one has to average over the
stochastic phases of the noise sources. The
AM-noise spectrum is then given by

~AM-Re(Axu+Axl)2 (8a)

and the PM-noise spectrum by

@
2

pM*Im(bxu+Axl) . (8b)

In (8) the bar denotes the averaging process.

AM to PM- and PM to AM-conversion can be cal-
culated, when the injected noise is assumed
to be either purely AM or purely PM. In the
former case the pair of sideband sources is
given by

4xiu-e-JY , AXil-eJy (AM), (9a)

in the latter by

(9b)
~ is the common stochastic phase.

Simple expressions for the noise spectra can
be given for some special cases: If one takes
only the intrinsic noise close to the funcia.
mental frequency into account, the output
noise is givengby Q

‘AM-fgo+:+g2)’, $fp~(g&_g,)‘,.=1,Q-o.
— —

(lo)
Furthermore injected AM-noise leads to

{ 1(gl+g~)(g*-go-!3~) 2
~AN (go+@2-g22

for m=2,
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[ -’1
2

(gz+g~)(gz-go-g~)
@A~e for m=3, (n)

(go+BL)2-&’2

and injected PM-noise to

‘1
z

I(by@(k32+go+@
Qpf for m=2,

(go+@2-g2

[ 21(g2-Q)(gp+l%o+g~) ‘ form=3 ~12)
?fPM*

(go+gL)2-g2

Eqs. (11) and (12) are valid fo;ti=l and Q+O.
g means the normalized oscillation frequency.

Results

Some advantageous features of frequency divi-
sion by harmonic synchronization are well-
known: Such a divider behaves as a power li-
miter and shows power gain. Furthermore, the
magnitude of the stable locking range is al-
most as large as that of a fundamentally syn-
chronized oscillator in the case of m=2. For
m=3 half of this value can be obtained. Com-
paring with fundamental synchronization one
can state as a rule of thumb, that 10 dB more
locking power is needed, in order to attain
equal locking ranges.

A characteristic feature of harmonic synchro-
nization is that the locking range reaches a
maximum versus the injection power. This is
due to the conversion efficiency, which de-
pends on the injected signal. A large drive
of the nonlinear device reduces that portion
of the injected signal, which is downconver-
ted to the fundamental. Hence the effective
synchronizing signal decreases as does the
locking range.

The maximum locking range has been computed
to amount to 13 per cent for m=2, O dB power
gain and -1 dB output power compression, and
to 4 per cent for m=3, 6 dB power gain and O
dB output power compression. The loaded Q-
factor Q had been set to Q =10. (By the way:
the dependence of the lockikg range on the
loaded Q-factor is the same for fundamental
and harmonic synchronization.) One can never–
theless state, that a gain of 10 dB should be
possible. In this case the locking range a–
mounts to 6 per cent for m=2 and to 3 per
cent for m=3 (QL=lO).

The phase shift across the locking band beha-
ves similar as for fundamental synchronizati-

on: tan (mq) = K~(D-1/Y). (13)

K is a function of the injection signal ;i.
Group delay is hence smaller by a factor of
l/m. The maximum phase shift at the borders
of the locking band is n/(2m).

The dependence of the intrinsic noise on the
injected power will be discussed next. As for
fundamental synchronization the PM-noise is
drastically reduced, if a stable harmonic
signal is injected. This is shown for m=3 in
fig.2. The normalized PM sideband noise power
P has been drawn versus X. , which is pro-
p~%ional to the injected phwer. Increasing
X. yields decreasing PM-noise, until a mini-
mhm has been reached at a relatively large Xi.

If Xiis increased beyond this point, the PM-
noise becomes worse. The explanation is the
same as for the existence of a maximum of the
locking range: the stabilizing effect of the
injection signal depends on the conversion
efficiency and hence on the drive of the non-
linear element.

It can further be seen from fig.2, that the
noise components close to the harmonics con-
tribute about as much to the PM-noise as do
the fundamental components alone. (In cases b
and d, noise sources at u and im with i=2 to
i=2m have been taken into account. )

The output PM-noise due to the PM-noise of
the injection signal is shown versus Xi :n
fig.3. This relationship is completely dlf-
ferent from the corresponding one for funda-
mental synchronization, where the PM-noise at

the output does not depend on the injection
6

power. For harmonic synchronization, however,
the PM-noise monotonically decreases versus
x . . Again lies the explanation fo:r this ef-
fhct in the conversion efficiency, which de-
creases versus X. . Hence the PM-noise which
is downconvertedlfrom around mu to o must de-
crease, too. Combining the results of figs. 2
and 3 one must suppose, that the total PM-
noise at the output should have a minimum ver-
sus x.. This effect could indeed be observed
in prhctice.

An unexpected result was that the PM-noise is
less for v*1 than for )=1, i.e. i-t shows a
maximum in the middle of the stable locking
range (look at case b in fig.3!). This is due
to a very strong PM to AM conversion, which
occurs for j~l at locking powers less than
-10 dB. Such an enhancement in AM-noise may
impair the overall performance of the divider
in practice.
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